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EXTENSION OF HURWITZ’S PROOF FOR THE TRANSCENDENCE 
OF e TO THE TRANSCENDENCE OF z.* 


By Ropert E. Moritz. 


To show that 7 is transcendental it is sufficient to show that e cannot sat- 
isfy an equation of the form 


C, + em + C24. 2.2.2 ee + ee = 0, [A] 


where C, is an integer and the a’s are associated algebraic numbers, that is, 
numbers which taken together constitute all the roots of some algebraic equa- 
tion with integral coefficients. 

For if 7 were algebraic, so would iz be, that is, ia would satisfy an 
equation with integral coefficients, as 


a(x — py) (© — pa). ese (x — py) = 9, 
from which, since e** = — 1, we should have 
(l+@)(1l+e)...... (L+e=)=]l+espes+.... -er=0. 


Here the o’s are sums of p’s and are hence roots of some equation with inte- 
gral coefficients. Of course the o’s may include zero values. Denote the o’s 
which do not vanish by a,, aj,....a@,. The last equation then assumes the 
form 

OS ee ee + en=— (), 


in which Cy — 1 represents the number of the o’s which have vanished. Co 


is therefore an integer and the a’s are algebraic numbers, satisfying an equa- 
tion with integral coefficients, say 
ga" + ayaePb oe cease + a,.,54+a, = 9. (1) 
Hurwitz,t in his proof for the transcendence of e, defines a function F(x) 
by means of the equation 


F(x) = f(x) + SP (@) + S(®) tee? 


* This paper was read before the Chicago Section of the American Mathematical Society 
at the meeting of April 14, 1900. 
+ Math. Annalen, vol. 43 (1893), p. 220. 
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58 MORITZ. 


where f(2) is an arbitrarily chosen integral rational function of x and the terms 
on the right hand side end with a constant term. The application of the law 
of the mean to the function e-* F(x) leads to the relation 
F(x) —e F(0) = — xe 1-2 (Ox), 0<6@<1. 

Let us denote the right hand meimber of the last equation by €, and substitute 
successively for x the values a), a,,....a,. We get 

F(a,) —e"F(0) =«,, 

F( a.) — ¢ F( ov) = €a,3 


F(a,) —e F(O) =, . 


We now add these equations and obtain, on the assumption that the relation 


expressed by [A] exists, 
C, F(0) + 3 F(a) =S«,. (B] 


izl i=] 
No restriction has been imposed upon f(2) except that it be integral and 
rational. We may then put 


r p-l 


n 
S(e ) — ane 5 II (a; a, r) P. 
(=1 


(p—1). 
in which p is a prime number and larger than the largest of the coefficients 
Co, 49s Un. But by substituting this polynomial for f(7) in [B] we are able 
to prove the following three lemmas :* 


n 

(1) €,, and hence, since n is constant, De, approaches the limit zero 
. f 

i=l 


when p increases indefinitely. 
For, €,, can be written in the form : 


[ay Ga, Il (a;—@a,) }?"! 


n 
€q, = (— a) € 1-6)a; qn Il (a;— 8a,) | Cr 
i=l 


 (p=-1yl 
Each of these brackets remains finite, no matter what value @ assumes between 
Qand 1. The second factor, therefore, approaches 0, when p=. Hence 


e,, and iikewise €,,.. . €, 5 each approach zero as p is indefinitely increased. 











* These lemmas are modifications of similar ones used by Hurwitz, I. c., p. 221. 
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n 
(2) - F(a;,) is an integer, divisible by p. To show this we compute 
i=1 
separately the values of f/(a,), /"(a,;), . . . . in the expression 
F(a,) =f (a,) + f(a) + - 

The first p of these polynomials vanish, since the functions Si@),. S'(@),> >> 
S?-' (2) each contain (a;— x) asa factor. The coefficients of the remaining 
polynomials f”) (x), f¥+)(x),.... are integral and divisible by par’. Hence 
F'(a,), and likewise each of the functions F(a), ... F'(a,), contains the factor 


n 
pay?. The expression = F'(a;) is a symmetric function of the roots a), a,, . . 
i=l 
- a, of equation (1), and is of the degree np—1 in the a’s. It may then, 
because of the factor a%’, be integrally expressed in terms of the integers 


n 
Qo, @, . - - a, That is, >> F(a;) is an integer, and it is divisible by p. 


i=l 
(3) Cy F(O) isan integer not divisible by p. For, f?-» (x) is the first of 


the polynomials f(x), /7(%),... . that does not vanish for «= 0; the coefti- 
cients of all of the subsequent polynomials, 7” (x2), f?*+)(a2), .. . . are 
divisible by pa””, and it follows as in the proof of (2) that the sum of these 


polynomials reduces, for x = 0, to an integer divisible by p. The value of 


SPY (O) is at? (a, ag... a,)? = (— 1)" ayP-? a?, so that 
C, F(O) = (— 1)" Cy ane-? aP + an integer divisible by p. 


p was chosen a prime greater than Co, @, @,, and hence the first term is an 
integer not divisible by p. 

From these three lemmas it appears that equation [/] asserts that the 
sum of an integer not divisible by p and another integer divisible by p can be 
made small at will. This is absurd. The assumption that [4] exists is there- 
fore false and consequently 7 is transcendental. 


Tue University or Nesraska, Fesruany, 1900. 





















































if 
meat 
i | 
| 
4 ; 
i] { 
eo ti H 
Py 
% ae 
pa 
fi ; 
: i 
wf se 
it Y 
f Bree 
Hae ae 
u Lah: 
oe tae 
oy tie ‘¢ 
Pew - 
. ‘7% 
Paes 
BS rang 
. i 
z > 
E332 
ee ii 
eee 
LL: Hie 
Hite 
Bite | 
@3 * 
‘ é 
Ts 
be 
; es 
cf +9 
e *+$ 
id 4 
% % 
‘ i 
; . 
pi: 3) 
be ca 
| ee 
A 
Be aac & 
th PAY S| 
ie aia 
eet 
FE ie oe 
= + < . 
tt Pig t 
Set 
£ isctt 
7 wre | 
i “3 
) 
é 39 
: 4 
‘ bs 
} : 
_ -* 
Beg 
Piet 
iad 
; 48 
f . § 
3) 
ee 
i i. 48 
fe - 
uh oi 
; s 
it a3 
! * 











AN APPLICATION OF ELLIPTIC FUNCTIONS TO PEAUCELLIER’S 
LINK-WORK (INVERSOR). 


By ArRNoLD Emcu. 


In a recent article which appeared in the ANNALS OF Matuematics,® I 
have studied a certain link-work and its relation with the elliptic integral of 





the first kind. By a geometrical transformation a class of circular series was 





* + Tllustration of the Elliptic [Integral of the First Kind by a Certain Link-Work,” ser. 2, 
vol. 1 (1900), p. 81. 
(60) 
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obtained which led to Poncelet’s poristic polygons, and suggested their equiva- 
lence with Steiner's circular series. By « slight generalization the link-work 
may be given such a form that, implicitly, it also includes Steiner’s series. In 
this general form the element of the link-work is represented by Peaucellier’s 
Cell or Inversor.* 

1. The Link-Work. Assume in Fig. 1, the links 0A,= OA,= 1, 
A,B, = B, Ag = A,B, =A, = 12, VB, = Rh, and OG=e. The points O and 
( are fixed, while all the others are movable. The arrangement of this link- 
work is evidently that of Peaucellier’s Inversor. During the motion B, de- 
scribes a circle having QYas a centre and YB, as aradius. Now, according to 
the properties of Peaucellier’s Inversor OB,-OB,= r? — r? = constant ; con- 
sequently the point 2) also describes a circle, which is inverse to the circle 
described by , in an inversion having O as a centre and yr—r as a radius. 
Designating the variable distances Q.4,; and QA, by p,; and pg, respectively, 
and putting pP?=2z, Pp =y, R+r,=a, %+e=h, r,-—e=c¢, R—r,=d; fur- 
thermore designating by u and v the elliptic integrals 





xr da s 
u =| SS ee@ (1) 
\ (x#—a)(x— b)(x—c) (x—d) 
7 = f — ——_—_—~- — —_ —_ dy eee «6 (2) 
Viy-“(y-4)(y-o)(y-4) 
the fundamental relation 
v—u=h (constant) (3) 


may be found. The proof for this relation is essentially the same as the proof 
of the corresponding relation in my previous paper.t By inversion of the 
integrals (1) and (2) the elliptic functions «= (uv), y=2A(v) are obtained. 
Thus the variables p, and p, may be expressed by elliptic functions, whose 
arguments have a constant difference. Here as there, other cells of equal 
size (OA, B, A,B, - VB), (OAgB ABs - YBs), - ++ + may be added to the 
first, so as to form a general link-work which may close or may not close. 
Similar analysis to that employed in the former case leads to the correspond- 


ing result : 





* A description of this particular link-work may be found in every modern text-book on 
kinematics. ‘The constructions that it performs were proposed by Peaucellier in the Nouvelles 
Annales de Mathématiques, ser. 2, vol. 3 (1864), p. 414, and the link-work was published by him 
in the same journal, ser. 2, vol. 12 (187%), p. 71. 
tl.c., p. 84. 
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62 EMCH. 


Tf a link-work of the prescribed kind, based upon two fixed circles (centres 
Oand Q, radii OA, and QB,) closes and contains n cells, then every other 


link-work based upon the same tro circles closes ond contains n cells, 


It is clear that the fundamental relation (3) also holds in the cases of 
limited and unlimited link-works. The previous theorem, however, only 
holds for a closed link-work. Without entering into a further discussion of the 
various special cases which may present themselves, and which were treated 





Fic. 2. 
in the article referred to above, I shall now explain a geometrical transforma- 
tion of the link-work which in its generality contains Steiner’s and Poncelet’s 
configurations. 

2. Geometrical Transformation of the Link-Work. In Fig. 1, 
with A), A,, Az, ... as centres and 7, as a radius describe a series of circles. 
From the figure it is seen that the two circles having A; and A;,, as centres 
pass through the points B; and Bj. The properties of closing of these series 
are evidently the ~ame as those of the link-work. All circles of the series are 
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tangent to two concentric circles. The figure can be generalized by an inver- 
sion and we have immediately the result : 

If each pair of consecutive circles of u series of circles, which all touch two 
fixed circles C, and Cy, intersect in two points B; and Bi, and if the points 
B,, B,, Bs, .. . are situated ona circle Cy, then the points Bi, Bi, Bh, ... 
are also situated ona circle C,* (Fig. 2). 

As the geometrical transformation of the link-work does not affect the 
properties of closing of the above series of circles we may state, in analogy 
with the link-work : 

If a series of circles (generalized Steinerian series) of the prescribed kind, 
based upon two fixed circles Cj and Cy, and a third circle Cy (or Cy), closes and 
contains n circles, then every other series of circles based in the same manner 
upon the same three circles closes and contains n circles, 

3. Steiner’s Series and Poncelet’s Polygons. By special dispo- 
sition and by assuming some of the given circles as points or straight lines a 
great variety of circular series may be obtained. If the circles C,, C, and C;, 
are parts of a pencil of circles, then C, belongs to the same pencil. The series 
of circles obtained by this arrangement have been considered by Steiner. 
One of the most interesting cases arises if one of the circles C, and C4, for in 
stance Cy, degenerates into point O. All circles of the series pass through 
O, and the circle C, coincides with O. Any inversion having O as a centre 
transforms all circles of the series into straight lines which are inscribed in a 
circle Cj and circumscribed about a circle Cj, ¢. e. the limited portions of 
these lines form a polygon which is inscribed in one and circumscribed about 
another circle. The properties of closing of these polygons, which are called 
Poncelet’s polygons, are the same as those of the general series of circles. 
Poncelet’s constructions also result directly from a geometrical transformation 
of the link-work in which 7; = 7,. This case was exclusively studied in the 
article to which I have referred in the beginning. 


UNIVERSITY OF COLORADO, OCTOBER 1900. 





* This statement may be generalized in such a manner that instead of a circle C; any curve 
is assumed. From Fig. 1 it can easily be proved that in this case Bi, Bi, Bi, . . . are situated 
on a curve which is the inverse of the first with regard to the centre O. The special case above 
has been formulated in view of its subsequent application. 

+ Werke, vol. 1, pp. 19-76. 
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NOTE ON THE GEOMETRICAL TREATMENT OF CONICS. 
By CuarLoTre ANGAS SCOTT, 


1. Iv is strange that the treatment of the conic by means of projective 
flat pencils (or of projective ranges, when the conic is regarded as an enve- 
lope) should have so completely displaced the beautiful involution treatment 
adopted by von Staudt. This enabled him to deal with the points and. tangents 
of the curve simultaneously and symmetrically, with the result: that all polar 
properties are made almost intuitive. In comparison with the simplicity of 
this, the method of projective pencils is cumbrous:; and in comparison with 
the breadth of von Staudt’s treatment, the other is positively niggling. <A 
short account of the development of the theory of conics by von Staudt’s 
method (with a few simplifications) may be of interest. 

2. Von Staudt defines involution in a primitive form of the first grade 
(range of points, flat pencil, or axial pencil) by means of two projective forms 
on the same base, remarking immediately that this is really a projective pairing 
of the elements. He might with advantage have employed this, the more 
characteristic property of the involution, as the defining property % a primitive 
form of the first grade is arranged in involution if its elements are associated 
in pairs in such a manner that any figure is projective with its conjugate. This 
relation holds, for example, if the associated elements are harmonic with refer- 
ence to a fixed pair of elements. With this definition, we have the usual 
proofs and properties, namely, that two pairs of elements determine the invo- 
lution, that the correspondent. to any arbitrary element can be determined by 
a linear construction, that there may be two self-corresponding elements 
(double elements) but not more, and that these are harmonic with respect to 
any pair in the involution. 

Taking in the next place a primitive form of the second grade, that is, 
either a plane with all its points and lines, or a point with all the planes and 
lines through it, it is at once evident that we have to consider the possibility 
of pairing the elements projectively in two essentially distinct ways; for we 
may wish to associate elements of the same kind, or elements different in kind. 
The first does not give any very important results; we consider the second 


only, and, for definiteness, only as applied to a plane. 
(64) 
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3. Supposing such a projective pairing of the elements to have been ac- 
complished, then to a line p corresponds a point P, and vice versa; to any 
figure composed of points PQR... and lines uvw... there corresponds 
a figure composed of lines pgr...and points UVW...; to the line AB 
corresponds the point a4; to collinear points PQR.. . ., concurrent lines 
pqr..-, the range and pencil being moreover projective. This relation of 
a point and line is referred to as polar, the point being the pole of the line, 
the line the polar of the point ; or, we may say, each being polar to the other. 
The plane thus arranged is a polar system. If the polar of P, namely p, 
passes through @, then P lies on q, that is, the polar of @ passes through P; 
the points P,Q are said to be conjugate, as are also the lines p,q. The point 
f, common to p, 7, has for its polar the line PQ: the triangle PQR has 
its sides and vertices associated, it is a self-polar or self-conjugate triangle. 

Let A,B,C, ... be points on any line, which is met by the polars 
a,b,c,...in A',B,C",...; then AA’, BB, .... are conjugate. If we 
start with A’, we obtain A, ete; thus the points of the line are paired ; and as 


(AA'BB'CC'...) = (aa'bb'e’...) = (A'AB'BC'C...), 


they are projectively paired. Hence pairs of conjugate points on any line 
form an involution ; and pairs of con- 


jugate lines through any point form an 
involution. i 
~ 4. Let P7”,QQ' be any two pairs coN 


of conjugates that are not collinear, 
and let ?Q,27"Y meet in S, PY, 
I”Q@ in T; then S, T are conjugate. 
(Ilesse’s theorem. ) 

For if p,q (fig. 1) meet S?’Q in 
P"~,Q", then PP", GQ" are two pairs 
of conjugate points on the line SPQ, 
hence they determine the involution 
of conjugate pairs on this line, and 
consequently they determine the correspondent to S. This is at once obtained 
by means of the complete quadrangle P’Q’TU; the line TU determines 5". 
But as S is on PQ, the polar of S goes through p 7, that is, through U. 
Hence the polar of S is SU, that is, ZU; which shows that S and 7’ are 
conjugate points. 
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66 SCOTT. 


5. This projective pairing of unlike elements of the plane can be accom- 
plished ; for a polar system of this nature is determined if we associate the 
vertices and opposite sides of some one triangle, and then associate any one 
point of the plane with any one line, these being chosen arbitrarily, and of 
course not incident on any element of the triangle. To prove this, let ABC 
be the triangle, Pp the arbitrary pair; let A? and p meet BC in DD’, 
then D’ is associated with 1D, and DD’ are therefore conjugate points (fig. 
2). Thus on the line @ two pairs in the in- 
volution of conjugate points are known, and 
the correspondent to any other point is there- 
fore linearly determinable. Hence to con- 
struct the line 7, associated with any arbitrary 
point Q, let AY, BY, CY, meet a, 4, € in 
NX,Y.Z; then the line g is determined by 
any two of the conjugates to VY, Y,Z, on a, b, 
e, namely, .Y', 2,27’. 

That the three points V’, Y’,Z’ are actu- 
ally collinear, or, what is equivalent, that 
rus. S. three collinear points .Y’,¥',Z' satisfy the 


relations of involution on a, 4, ¢, appears as follows. We have on 4, ¢, the 








involutions 


(AC, EE’, YY'), (AB, FF’, 27’). 


Let BE, CF, meet in P, BY, CZ in @ (fig. 3): then AP, AY meet a@ in 
D, X. Let E'F", ¥'Z' intersect in S, and let them meet a in D’, ’, and 
the line PY in P’.Y'. Let PY meet a,b, ¢ in A,B,C’, and the lines 
SA, SB, SC in A", B,C". In virtue of the involution on 4, 

(ACE Y)=(CAE'Y'); 
projecting the left hand side of this from 4, and the right hand side from S, 
on to PQ, this gives 

(CCNPY) = (CANTY). 
Similarly 

(BA'PQ) = (B'A"P'EY). 
Combining these, 

(VUBOPQ) = (ABC PD), 

and therefore 


(BIC'PQ) =(B'C'P'?Y). 
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Projecting the left hand side of this from A, and the right hand side from 5S, 
on to a, it gives 


(CBDX ) = (BCD'X"'), 


which proves that (BC, DD’, X.Y") is an involution. 
6. Consider the involution of conjugate points on any line; if this has 








Fie. 3. 


double points, each is a point that lies on its own polar, it is conjugate to 
itself in the plane, and conversely. Similarly all lines that pass through their 
own poles are the double lines of involution pencils of conjugate lines. Sup- 
posing imaginary elements to have been introduced before this stage in the 
work is reached, a plan which seems highly desirable, the result is that on an 
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68 SCOTT. 
arbitrary line there are two self-conjugate points, real or imaginary, and 
through an arbitrary point there are two self-conjugate lines, real or imagin- 
ary. 

Let P, p be one such point and line, real or imaginary. First consider 
any point Zon p. The polar of 7 passes through /?, and is distinct from p, 
hence it does not pass through 7. That is to say, no point on p, other than 
P, lies on its own polar; on the line p there is only the one  self-conjugate 
point P, and to this every point on the line p is conjugate. 

In the next place, consider the line /, that is, any line through P. On 
this there is an involution of conjugate points, which has one double point P, 
real or imaginary, and consequently another GY, of the same nature. Hence 
on every line through /, other than p, there is one self-conjugate point dis- 
tinct from ?. There is thus a sys- 
tem of these points, PYUR...., 
in perspective with (and conse- 


YA 
quently in (1, 1) correspondence ‘ 
with) the pencil of lines through any 
one of them, 77. This system is such » 
/ \ = 


that any line through one of its 
points passes through precisely one 
other, with the exception of one line _2i-— 
at every point. These excepted 





lines, pqgr..., form a system in 
perspective with (and consequently 


Fig. 4. 


in (1, 1) correspondence with) the 
range determined on any one of them; the system is such that through any 
point on one of its lines, p, another line passes, unless the point is 7, the 
pole of p. The point-system PQ... and the line-system p qr... con- 
sequently indicate one and the same curve, which regarded as a locus is of the 
second order, and regarded as an envelope is of the second class. This curve 
is called a conic; it has points, P?, and tangents, p, meeting the curve at 7? 
only. 

7. It may happen that a real polar system gives rise to an imaginary 
conic (von Staudt, Beitriige zur Geometrie der Lage, p. 107). If a point P 
and its polar p are so placed that it is impossible to pass from P to p without 
crossing a side of the triangle ABC (or, we may say, if P and p are sepa- 
rated), then the involution of conjugate points on p has imaginary double ele- 





oe 
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ments. The double points on p are determined by the double lines of the 
involution ?( DD’, EE’, FF’) ; fig. 2 shows one of the two possible arrange- 
ments of P, p, andas PHL, PE’ are necessarily separated by PF, PF’, the 
double lines are imaginary. Similarly if P be outside the triangle, a case 
which is shown in fig. 4. Now if one point is separated from its polar p, 
this is true for every other pair Yq. For referring to fig. 3, YY’ belong to 
the involution determined by BC, DD’, hence if D, D’ are separated by B, C, 
this is true of .Y, Y' also, and similarly of Y,Y'and Z, Z'. Thus if P, p are 
chosen so as to be separated by the triangle ABC, every line meets the 
conic in imaginary points, hence the conic is entirely imaginary ; while if P, p 
are not separated by the triangle ABC, two sides of the triangle meet the 
conic in real points; the conic is then real, being met by every line through 
one of these real points in another real point. 

The case of an imaginary conic through two or four real points does not 

present itself in connection with a real polar 
P system; it arises in the consideration of im- 





aginary polar systems. 

8. Since the tangents at P, Q, are the 
polars of P, Q, they meet in the pole of PQ. 
Thus the pole of a line is the point of inter- 
section of the tangents at the points where 
“ the line cuts the conic; and the polar of a 


ons point is the chord of contact of tangents from 





the point. 

The tangents at Q, /?, S, .. meet the tangent at /’, that is, p, in the 
poles of PQ, PR, PS, .... + hence the projective pairing of the elements of 
the plane shows that the range determined on p by the tangents at Q, 2, S, 
. . is projective with the pencil determined at P by the points Q, R, S,... 
(fig. 5). 

On any line of the plane there is an involution of conjugate points, whose 
double points are the points where the line meets the conic. Let U,u be a 
pole and polar, and let any line through U cut the conic in P, Q, and w in 
U'. Thenas U, U', being conjugate points, are harmonic with respect to 
P, Q, by varying the line through U we obtain the theorem : — the locus of a 
point harmonically separated from U by the conic is a straight line wu, the 
polar of U. Thus the polar relation of a point and line in the plane system 
is exactly equivalent to the ordinary polar relation with respect to the conic. 
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lengthy ; a shorter one is here given, which is really a proof of Chasles’ theo- 
rem, so simple that it is difficult to believe that it has not been given before. 
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Q 


e 


It has been shown that the points of a conic subtend at any one point, 


P, a pencil that is projective with the range determined on p by the tangents, 
It has now to be shown that the pencils determined at any two points are pro- 


The proof given by von Staudt is unnecessarily complicated and 


Let W be the pole of PQ (fig. 6): let 2 be any point on the conic, and 


let PR, QR meet QW, PW, in Q, 2’: let r meet g,p in U,V. Then since 








FiG. 6. 


Q’ lies on the polar of Y and on the polar of V, VQ is the polar of Q'; hence 
VQ, VQ' are conjugate lines, and are therefore harmonically separated by the 
tangents from V, that is, by VP, V2. Thus (VY,U W) is harmonic. 
Hence since Y, W are fixed points, the ranges described on GWby Q and U 
are projective ;* that is, symbolically, 





Lemma. If (F'F', GG’) is harmonic, where 
F, ( are fixed, F", @’ variable, then F’, G@’' describe 
projective ranges. For in the figure by which the 
harmonic set is determined (fig. 7), we can keep 
the lines FO, FO"”, GO, and the point O’, fixed; we 
have then a series of pencils in perspective, 








OF ...)=O(H...)=O(H... )=O'(G"...)3 
hence 
range (F’...)=range (@...). 
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(GY ...-)me(0....). 
Similarly CF xi ws eee vca' ch 
But since V is the pole of PR, 
range (V....) = pencil POR... .) 
= range (Y....). 
Hence the ranges (U'....),(V....) are projective with one another, and 
with the pencils ?(2?....), G(R. . .), which proves not only Steiner’s 


theorem, that the points of a conic are - 


\ 


of projective pencils, and the tangents / Bx 


Z 





the intersections of corresponding rays -~ = 


to the conic the lines joining corre- — / \ xX 
sponding points of projective ranges, C 
but also Chasles’ theorem, namely, that 
four given points on a conic determine . 
at any point of the curve a pencil pro- S, 


jective with the range determined on D 
any tangent to the curve by the tan- 





gents at the given points. Y 
10. Von Staudt’s own proof of weeins 

Pascal’s theorem (or of Brianchon’s theorem) is simple enough. Since the 

pencils D (BCEA), F (BCEA) are projective (fig. 8), the ranges in which 

they are cut by any two transversals are projective. Using the transversals 

BA, BC, this gives 


(BW NA) = (BCYH), 


and as these two projective ranges have B in common, they are in perspective. 
Hence AC, NY, A//are concurrent, that is, CD and AF’ meet on the line 
NY. pine 

His proof of Desargues’ theorem is unnecessarily long; a simpler one is 
given by later writers, e. 7. by Reye. 

Let a conic through ABCD cut the transversal YY in P,P’. Then 
(fig. {) 

D(ACPP’') = B(ACPP’), 
therefore 
(Y'X'PP') = (XYPP') = (YXP'P), 


which shows that PP!’ area pair in the involution WX’, YY’. Hence all 
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conics through ABCD, including the three line-pairs, cut any transversal in 


involution. 
All the purely projective properties of conics can be readily deduced from 


these few theorems. 
11. A comparison with the treatment of conics based on projective pen- 











cils or ranges, as given for example in Reye's Geometrie der Lage, or in the 
article “ Geometry ” (Section IT) in the Encyclopedia Britannica, will prove 
the great superiority of von Staudt’s method, which is exhibited specially in 
everything that relates to poles and polars with reference to the conic. 


BrYN Mawrk CoLieGe, PENNSYLVANIA, APRIL 1900. 

























ON TWO-DIMENSIONAL FLUID MOTION THROUGH SPOUTS 
COMPOSED OF TWO PLANE WALLS. 


By R. A. Harris. 


Ir is well known that the functions sin z, cos z, sinh z, cosh z, transform 
lines parallel to the axes of « and y, where z=.4 + /y, into systems of con- 
focal ellipses and hyperbolas ; also, that if we take the hyperbolas as stream 
lines, the two-dimensional motion represented by these systems is that of a 
boundless liquid sheet of uniform thickness flowing through an aperture two 
units wide made in a thin plane partition or wall extending to infinity in either 
direction. Helmholtz* discovered the curve systems for the case in which in- 
tinite plane walls extend from the edges of the aperture or orifice, and perpen- 
dicular to its plane, to infinity in one and the same direction, thus forming the 
parallel sides of a spout. This paper is concerned with a transformation, 
equation (1) below, which comprises these two cases together with all inter- 
mediate ones. 

Assume the equation 


€ = l-« 
Za N+ i¥ = SCR) [etroree], (1) 


sin ev 


where € is any real positive quantity ranging from $ to 0, and z=. +4 ¢y. 
The motion‘is supposed to take place in the Z-plane. The constant factor is, 
as will soon,appear, such that the width of the oritice shall be 2 units in all 
cases, From equation (1) 





Y ss ( -\ Send 01-9 os (1 —e)y ee cosey |, (2) 
l—e/ sin er . 
v € ¢ l > € a . ae . ° » 
) _ ( ) one p(l-e)a sin (1 ate €)¥/ 4+ e-* sin er | ‘ (>) 
l—e/ siner 





* Berliner Sitzungsberichte, April 23, 1868, p. 224 or Wissenschaftliche Abhandlungen, vol. 1, 
p. 154. A drawing is given by Maxwell, Electricity and Magnetism, vol. 1, fig. 12; and by 
Lamb, Hydrodynamics, p. 83. 
(73) 
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If y = 7, we have 


a € «l-—e : . 
eee eee Pe pO A o(i-e)t yo pret ‘ 4 
eine G on :) tan e7 [ ' ] sad 
(, a “(1 —e€) joao tee], (5) 
—€ 


(4) 


= — tan er; 


y 


\| 


and sO 


that is, the line in the Z-plane corresponding to y = 7 is a straight line mak- 
ing an angle of — em with the .V-direction. Expressions (4) and (5) show 
that V is for this line always negative and }" positive. With y = 7, .Y will 


be a maximumand oa minimum when « satisties the equation 


ae 
This substituted in (4) and (4) gives 
‘ l , 
V = — —, Yeo=1 (8) 
tan €7 
for the coordinates of the near end of the wall which extends thence to infin- 
itv toward the left and upward. 

By referring back to (2) and (3) we see that if 7 were replaced by — y, X 
would remain as before while Y would have its sign changed. In particular, 
the line y = — 7 will give a straight line in the Z-plane extending from the 
point (— cot ev, — 1) to infinity toward the left and downward, making an angle 
of ex with the Y-direction. These two lines in the Z-plane are the traces of 
two plane walls which form a spout with an orifice 2 units in width.* 





* The function Z, regarded as a function of 2, is single valued and analytic throughout the 
interior of the strip of the z-plane bounded by the lines y = #, y = —-#; and this function 
maps the boundary of the strip on the lines of the Z-plane above considered. If we distin- 
guish between the two sides of these lines, regarding the lines as doubly counting, then the 
boundary of the strip goes over in a one-to-one manner and continuously into the two edges 
of the slit made by cutting the Z-plane along the two lines in question. That the interior 
of the strip goes over conformally into the whole Z-plane exclusive of the cut, follows from 
an easy generalization of the theorem usnally applied in problems of this sort. Cf. Picard, 
Traité d Analyse, vol. 2, p. 280. [Ep.} 





coe 

















TWO-DIMENSIONAL FLUID MOTION. 






If we make y = 8 and allow = to increase indefinitely, it follows from (2) 
and (3) that oe | 


li y my 
x pe > aes tan (1 — €)£, (9) 4 


and similarly 
lim Y i; 

en @ Y = = tan ef. (10) t 

It thus appears that the stream line which corresponds to y = 8 makes an angle 
of nearly — ¢8 with the -direction when extended sufficiently far between the 








walls, and an angle of nearly (1 —¢)8 when extended sufficiently far outside 


of them. 
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If ¢ = 4, then (1), (2), and (3) become Z = sinh $2, 


Special Cases, 
w=aand y= 8 transform into 


X = sinh gr cos$y, Y= cosh $e sing ¥. 
systems of confocal ellipses and hyperbolas whose foci are at the points (0, 41). 
The dihedral angle between the plane walls is 180°, 

If ¢ = 3, we have the case shown in the accompanying figure. 
make angles of £45° with the X-direction, or an angle of 90° with each other. 


The walls 


Equations (2) and (3) become 
V = 0.806 [e® cos $7 — © cos $y), (12) 


Y= 0.806 [el sin Bay + eo} sin dy). (13) 


L 


The values assigned to a range trom — $7 to $7, and those assigned to 8, from 


—artom. The equipotential line connecting the two foci, and setting out from 
them in the direction of the walls, is the line «* = i when transformed to 
—_ @ 


the Z-plane: it has not been drawn. 

As € becomes very small, the walls make a very small angle with the .Y- 
direction, and so, if produced, their intersection becomes removed too far to 
the right of the opening for a convenient X-origin. When ¢€ approaches 0, 
the origin recedes indefinitely and we have in the limit the case given by 
Helmholtz. We can take the origin at the mouth of the spout if we introduce 


new variables z; and Z’ such that 


z= 2—log — ’ Z' = 4 + cot ex (14) 


a 


If we now allow € to approach 0 as its limit Z! approaches Helmholtz’s function, 
Z,, and we have in the limit : 
1 


¢ l l 
Z — - Pi a 2 + —- a 
. ~( :) T (15) 


WasHINGron, D.C... FEBRUARY, 1900, 




























ON A SPECIAL CLASS OF ABELIAN GROUPS. 
By G. A. MILLER. 


1. Let s,, 8), ...., 4), represent the @(7)* natural numbers which are 
less than g and prime to it. These g, numbers constitute a group (G,) with 
respect to multiplication if the smallest positive residues mod g are taken in 
place of the products: for, from the relation s;s, = gg +r, 0 <r <4, it fol- 
lows that, if g and r had a common divisor, a prime factor of this divisor 
would have to divide either s; or s,, and thus these numbers would not both 
be prime tog. The other necessary conditions for a group are evidently sat- 
isfied. Such groups have recently received considerable attention, and, in the 
second edition of his Algebra, Weberf has called them the most important ex- 
ample of abelian groups of finite order. The main objects of this paper are 
to show that all these groups are groups of isomorphisms of the evclical groups 
and to study some of their special properties. 

2. By the group of isomorphisms of a given group G' whose elements 
(operators) are 4, 4...» fis meant the following group. Let G' be sim- 
ply isomorphic with itself, the element /; corresponding to /,,,, and form the 


J = ( 4 fg eee Ug ) 
toa é. 2 a: . . bog’ 
Then the totality of such substitutions constitutes a group} and this is the group 
in question. The following considerations lead to the group of isomorphisms 


substitution 


of a group generated by a single element S. Let 7’ be any element that sat- 
isfies the equation 7-"'S7'= S*. Raising both members of this equation to 
the Sth power we have 7"4S8*7' = SS. We may express this well known re- 
sult in words as follows : If an element transforms a generator of a cyclical group 





* Cr. Chrystal’s Algebra, vol. 2, 1889, p. 511. 
+ Weber, Lehrbuch der Algebra, 2d ed., vol. 2, 1899, p. 60. 
t Hélder, Math. Annalen, vol. 43 (1893), p. 314. Cf. Moore, Bull. Amer. Math. Soe. vol. 1 
(1894), p. Ol. ’ 
(77) 
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into a given power. it transforms each one of the elements of this cvelical group 
into the same power. 

In any holomorphism of a cyclical group G of order ¢ with itself the (7) 
elements of order g must correspond to each other. A) given generator S 
must therefore correspond to S*, where /% is prime to vy. Since any holo- 
morphism of 2 group with itself can be obtained by transforming all the 
elements of the 
graph that such a holomorphism is obtained by making cach clement  corres- 
pond to its Ath power. This result follows also directly from the fact that in 


group by a single element* it follows from the preceding para- 


any holomorphism like powers of corresponding clements vield corresponding 
elements. Since 4 is prime to y we may assume that 4 = s, (0<a@S 4) and 


that the s,s), ...8, powers of S correspond to the 8,85, 6, Be, « » +5 8,8 


a, ; 


powers respectively in the given holomorphism of G with itself. Hence any 
holomorphism of G with itself corresponds to a substitution of the form 


S S x 
“39 29 *_ * * . Oy. 
I, ( a * * - . . mod 9g 
Sa®y> SaSas 2 6 6 Sa%y 


and for every substitution of this form there is a holomorphism of G with  it- 
self. That is, the totality of these substitutions constitutes the group of iso- 
morphisms of GG. This group is obviously holomorphie with the group 
Spy Saye ey Nye 

Thus the first of the two objects mentioned above is attained, viz. it’ is 
proved that the group @,, whose elements are the @(7) numbers that are less 
than y and prime to it, is the group of isomorphisms of the cyclical group of 
order g. This connects explicitly Burnside’s study of the groups of isomorph- 
isms of eyclical groupst and Weber's treatment of such groups as G,.t In 
what follows we aim to establish a few properties of these groups which do not 
seem to have been explicitly noticed. 

3. While the group of isomorphisms of a cvelical group is always abelian 
we shall prove that there are many abelian groups which cannot be the groups 
of isomorphisms of cyclical groups. Henee the groups which can be represented 
in the same manner as Gis represented above constitute a special class of 


abelian groups. We proceed to consider some of the conditions that must be 





* Frobenius, Berliner Sitzungsherichte, 1895, p. 184. 
+ Burnside, Theory of Groups of a Finite Order, 1897, p. 240, 
+ Weber, /. c. 
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satisfied in order that an abelian group (A) may belong to this class. When 
(A) is cyclical the matter is quite simple. It is necessary and sufficient that 
its order (@) is the exponent to which a primitive root of some number 
belongs. That is, whenever a = p*(p — 1)*, p being an odd prime number and 
a being any positive integer including 0, the cyclical group (A) belongs to 
the given class, and only then. The lowest two even numbers which are not 
of the form p*(p — 1) are 8 and 14; hence these numbers are the lowest or- 
ders of cyclical groups of an even order that cannot be the groups of isomorph- 
isms of any groups whatever. 

If y is written in the form: g = 2°)PT'P? ... (py, py... being different 
odd prime numbers) G is the direct product of its subgroups of orders 
2%, P's PE, .. . and G;, is the direct product of the groups of isomorphisms of 
these subgroups.t Since the group of isomorphisms of a cyclical group whose 
order is a power of an odd prime number is cyclical, it follows from the above 
that (7, is the direct product of the cyclical groups of orders p,%—'( p, — 1), 
ps! (p2—- 1)... when ay = Oorl. When ag> 1 we have to add a group 
of order 2 and a cyclical group of order 2% to these factor groups in order 
to obtain G,.t 

Since G, is the direct product of groups of even orders, g, ‘s always 
even. It can clearly be any even number of the form 2% p3p% .. .. (py — 1) 
(py—1)... The smallest two natural numbers which are not of this form 
are L4and 26§ ; hence these numbers are the lowest even orders of groups that 
cannot be groups of isomorphisms of any cyclical groups whatever. It is 
evident that the highest prime factor of g, cannot exceed the highest prime 
factor of 4. 

In conclusion I consider briefly the groups G, of order 4, the power of a 
prime ; this prime is then necessarily 2. Therefore g has the form: g = 2° pp, 
. . «» Where the odd primes (if any) are of the respective forms : py = 2% + 1, 
Py = 284+ 1,...3 By < By <.... The group G; is then the direct product 
of evelie groups of orders 2%, 2%, . .., and further, if a) > 1, of evelic groups 


of orders 2 and 2°". These orders are the invariants of the abelian group 
(/,. They are all distinet except in the cases: (1°) 8) = 1, a> 1; (2°) 
B,>1,8,=a,—2>1; (3°) ag—2=1. The necessary and sufficient con- 








Cr. Dirichlet-Dedekind, Zahlentheorie, 1879, p. 340. 
Bull, Amer. Math. Soe., vol. 5 (1899), p. 296. 

Cr. Burnside, /. ¢. 

Lucas, Théorie des nombres, 1891, p. S94. 
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dition that G, contains three equal invariants is that (1°) and (3°) are both 
satisfied: henee G, cannot contain three equal invariants unless each is two. 
When 8, = 1 and 8, = ay — 2 > 1, (, contains two pairs of equal invariants. 
These are the only eases in which @, can contain more than one pair of equal 
invariants, 


CORNELL UNIVERSITY, APHEIL 1900. 




























THE THEORY OF LINEAR DEPENDENCE. 
By Maxime BOocHer. 


THE subject treated in the following pages is not only one which, owing to 
its numerous applications, is of considerable importance, but, while distinctly 
elementary, illustrates well one of the most striking tendencies of modern alge- 
braic and analytic work, namely, the tendency not to be satisfied with results 
which are merely true “in general,” 7. e. with more or less numerous excep- 
tions, but to strive for theorems which are alirays true.* For these reasons, 
and because, so far as I know, no adequate treatment of the subject as a whole 
exists, I venture to offer the following presentation to the readers of the AN- 
NALS. 

I wish to call speci:l attention to the application made in §2 to the the- 
ory of linear equations. The more usual course is to proceed in the reverse 
order and to deduce the theory of linear dependenée from the theory of linear 
equations. I think the order here adopted has the advantage of separating 
from one another with more distinctness the various steps in the reasoning. 

1. Definitions and General Theorems. Geometrical Ilustra- 
tions. Linear dependence may be regarded as a generalization of the concep- 
tion of proportionality. For this purpose we will lay down the following defi- 
nition of proportionality, which is at once seen to be equivalent to the ordinary 
definition : 

The tivo sets of constants 
Ts Ley oe ee Uny 


- mn 
His Has + i = o ns 


ave said to be proportional to each other if two constants ce, and cz, not both 
zero, exist such that: 

(ret ori =0 (¢=1,2,... ). 

Instead of two sets of constants we now consider i sets, and give the fol- 


lowing 





*The great importance of this tendency will be apparent if we remember that when we apply 
a theorem, it is usually to a special case. If we know merely that the theorem is true ‘in gen- 
eral,” we must first consider whether the special case to which we wish to apply it, is not one 
of the exceptional cases where the theorem fails. 
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DeFinition. The m sets of n constants each : 


ghd opt) . of (¢=1,2,...m) 


Pia, . 
are said to be linearly dependent if m constants Cy, Cy 6 + + Cmy not all 
zero, exist such that: 
CU tga te ee te BI =O (jw 4, 3s. + « DB 
Tf this is not the case, the sets of quantities are said to he linearly independent, 
Tn the same way we generalize the familiar conception of the proportion- 
ality of two functions as follows : 

: Derinition. The im functions (of any number of independent variables) 
Tis fas se + Sm ave said to be linearly dependent if in constants: cy, ey, 6 6 © ms 
notall zero, exist such that: 

OA + fet + + + + Cnty = 0° 
Tf this is not the ease the functions are said to be linearly tndependent.t 
The following theorems about linear dependence, while almost self evident, 
are of sufficient importance to deserve explicit statement. 

I. Jf m sets of constants (or if m functions) are linearly dependent, it 
is always possible to express one—hut not necessarily any one—of them linearly 
in terins of the others. 

This is seen at once if we remember that at least one of the c’s is not zero. 
The relations (or relation) in which the ec’s occur can then be divided through 


g). 3B by this ¢. 
er, i! Il. Uf there exist among the sets of constants (or among the functions) a 
ae smaller number of sets (or of functions) which are linearly dependent, then the 


m sets (or the m functions) ave linearly dependent, 
Il. Jf an y one of the m sets of constants consists exclusively of zeros 
j ¥ (or if any one of the m functions is identically Zero), the sels (or the functions) 
are linearly dependent. 
In order to show at once that this conception of linear dependence is important, we will 


give here a few simple geometrical applications, leaving the reader to supply the proofs of the 
statements made. 





* We use the symbol = here and in what follows (except in §5 (5) where, as is obvious 
from the context, it denotes a congruence) to denote an identity, i. ¢. an equality which holds 
either for all values of the independent variables, or at least for all the values with which we 
have to deal. 

+ We might clearly go farther and consider the linear dependence of m sets of n functions 
each. The two cases of the text would be merely special cases from this general point of view. 













































The sets of n constants with which we had to deal in the first definition may advanta- 
geously be regarded as the homogeneous coordinates of points in space of n — 1 dimensions. 
It will then be convenient to speak of the linear dependence or independence of these points. 
The geometrical meaning of linear dependence here, will be at once evident from the following 
theorems for the case n = 4: 

Two points are liuearly dependent when, and only when, they coincide. 
Three points are linearly dependent when, and only when, they are collinear. 
Four points are linearly dependent when, and only when, they are complanar. 
Five or more points are always linearly dependent. 

Another geometrical application is suggested by the following considerations: 

A set of n ordinary* quantities is nothing more or less than a complex quantity with n 
principal units. Our first definition of linear dependence is therefore precisely equivalent to 
the following : 

The m complex quantities 


a), a., inne 
are said to be linearly dependent ifm ordinary quantities ¢,, C., . . . . ¢,, not all zero, exist such 
that: 
(14, + Ga,+....+0¢,4, =9. 


Now the simplest geometrical interpretation for a complex quantity with n principal units 
is as a vector in space of x dimensions,t and we are thus led to the conception of the linear de- 
pendence of vectors. The geometrical meaning of this linear dependence will be seen from the 
following theorems for the case n = 3. 

Two vectors are linearly dependent when, and only when, they are collinear. 
Three vectors are linearly dependent when, and only when, they are complanar. 
Four or more vectors are always linearly deperdent. 

In order to get a geometrical interpretation of the linear dependence of functions, we must 
consider, not the functions themselves, but the equations obtained by equating these functions 
to zero. We speak of these equations as being linearly dependent if the functions are linearly 
dependent. If then we regard the independent variables as rectangular coordinates these equa- 
tions give us geometrical loci in space of as many dimensions as there are independent varia- 
bles. Thus in the cases of two and three variables, we have plane curves and surfaces respec- 
tively. The case of two loci is of no interest, as they must coincide in order to be linearly 
dependent. The following theorems will serve to illustrate the geometrical meaning of linear 
dependence. 

(1.) In the plane: 

Three circles are linearly dependent when, and only when, they belong to the same co- 
axial family. 

Four circles are linearly dependent when, and only when, they have a (real or imag- 
inary) common orthogonal circle. 

Four circles are linearly dependent when, and only when, the points of intersection, of 
the first and second, and the points of intersection of the third and fourth, lie on a 
circle. 





* Two different standpoints are here possible according as we understand the term, ordinary quantity to 


mean, real quantity, or ordinary complex quantity. 
t There are of course other possible geometrical interpretations. Thus in the case n = 4 we may regard our 
complex quantities as quaternions, and consider the meaning of linear dependence of two, three, or four qua- 


ternions. 
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} Five or more circles are always linearly dependent. 

! (2.) In space: 
Three planes are linearly dependent when, and only when, they intersect in a line. 
Four planes are linearly dependent when, and only when, they intersect in a point. 
Five or more planes are always linearly dependent. 


2. The Condition for Linear Dependence of Sets of Con- 


stants. In considering the m sets of 1 constants each 




















ft, A, ... . of (e=1,2,...m). 


it will be convenient to distinguish between the two cases mS un and m>n. 
(a) mu. We wish here to prove the following fundamental theorem : 
The NECESSAVY and sufficient condition for linear dependence is that all the 


m-rowed determinants of the matric 


t 
4 4 ’ ’ J 
me: ry &y ee on 
. 
dy ” a" ” 
3) rp ly . « Ky 
Ef 4 
: . . . . . . 
j 
' 5 
a ie on 


should ranesh, 


That this is a necessary condition is at once obvious, for if the m sets of 


“= 


constants are linearly dependent, one of the rows can be expressed as a linear 
combination of the others. Accordingly if in any of the m-rowed determi- 
nants we subtract from the elements of this row the corresponding elements of 
the other rows, each row multiplied by a suitable constant, the elements of this 
row will reduce to zero. The determinant therefore vanishes. 

We come now to the proof that the vanishing of these determinants is also 
a sufficient condition. We assume, therefore, that all the m-rowed determi- 
nants of the above matrix vanish. Let us also assume that at least one of the 
k-rowed determinants of the matrix does not vanish but that all determinants 
of order higher than / vanish.* Without any real loss of generality we may 
(and will) assume that the k-rowed determinant which stands in the upper left 
hand corner of the matrix does not vanish; for by changing the order of the 
sets of constants and the order of the constants in each set (and these orders 
are clearly quite immaterial) we can bring one of the non-vanishing k-rowed 
determinants into this position. 


tee 
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x ae 
; : * 
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* In general we shall therefore have k = im— 1, but k may have any value less than m. The 
only case which we here exclude is that in which all the elements of the matrix are zero; a case 
in whick the linear dependence is at once obvious. 
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We will now prove that the first 4+ 1 sets of constants are linearly de- 
pendent. From this the linear dependence of the m sets follows by theorem 
II of the last section. 

Let us denote by ¢, ¢., .. . . 4, the first minors of the (4 + 1)-rowed 
determinant which stands in the upper left hand corner of the matrix, and 
which correspond to the elements of its last column. If now we remember 
that all the (4+ 1)-rowed determinants vanish we get the relations : 


cyt + cel to bey alt= 0 (g=1,2,... mn). 


This formula establishes the linear dependence of the first 4+ 1 sets of 


constants. For c,., 40, being the 4-rowed determinant which stands in the 
upper left hand corner of the matrix. 

(4) m>n. This case can be reduced to the one already considered by 
the following simple device. Add to each set of x constants m—n zeros. 
We then have m sets of m constants each. Their matrix contains only one 
m-rowed determinant, which vanishes since one, at least, of its columns is 
composed of zeros. ‘Therefore these m sets of im constants each are linearly 
dependent ; and therefore the original ™ sets of x constants each were linearly 
dependent. Thus we get the theorem : 

m sets of n constants each are always linearly dependent if im > un. 

3. Linear Dependence of Polynomials. Linear Homogene- 
ous Equations. Suppose we have polynomials 


Sis Say s+ + Sm 


in any number of independent variables. The necessary and sufficient condi- 
tion for the linear dependence of these polynomials is obviously the linear de- 
pendence of their sets of coeflicients.* Thus the conditions deduced in the 
last section can be applied at once to the case of polynomials. 


*It may be noticed that the number of independent variables involved in the polynomials 
is quite immaterial. What is important is the number of terms. Thus whether we have to 
deal with the three planes : 





ar + by +¢2+d,=0, 
at + by +e.2 +d =0, 
agt + bey + C32 +d,=0; 
or with the three circles: 
a,(z? +) + be + ey +d, =9, 
a(x? + y*) + bor + cy + 4, = 0, 
a,(2* + y*) + bgt + egy +d, =0, 
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| In the theory of simultaneous homogeneous linear equations we have a 
t simple and extremely important application of the results so far obtained. 
1 We presuppose here a knowledge of the method of solving by determinants 
a set of rn non-homogeneous linear equations in n unknowns when the deter- 
minant of the coefficients of the unknowns is not zero.* 









We consider the system of equations : 








yy] + Ayo Hy am @ es @ & a8 + Orn Ly = 0), 


a, 0) + Oy Ws tse eee + 03,2, = 0, 




















. . . . . . . . 
. . . . . . . . . . 


(ny %1 + (moda tere es + aan Lg = , 


eee > ap rai a 
See ee ee ee ee eee ata Tles 


The values 7, = #)=..... =", = 0 satisfy these equations in all cases. 
We shall however in future discard this solution as being trivial, and shall un- 
| derstand by a solution of the equations a set of values of the ’s satisfying the 
| equations and not all zero. 

The questions we have to answer are first whether the equations have a 
solution (in the sense just explained) ; and second how all the solutions which 
exist can be found. We will take up in succession the cases m <n, m2 n. 

(a) m<n. Here we have the theorem: 

The number of equations being less than the number of unknowns the equa- 
tions alivays have solutions. 


This is at once obvious if we consider the n sets of # constants each: 


Bu, Way + o oo oy ie. Tere. 





the condition for linear dependence is the vanishing of all the three rowed determinants of the 
matrix 


a, by, () d, 
| ly by Cy» d, 


3 h, C5 d, 

*This method will be found in every book where determinants are touched upon. The 
treatment, however, in most cases, is incomplete, all that is really proved being that if the 
equations have a solution it is given by the formule in question. To complete the treatment it 
is necessary to prove that the formule in question really satisfy the equations, as can readily 
be done by direct substitution. 
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These sets of constants are necessarily linearly dependent since m <n; 
i. e. there exist n constants ¢,,@, . . . . ¢,, not all zero such’ that: 

CQ + Cg jg tiene + Cn Qn = 0 (jy = 1,3, .....). 
i. e. the c’s satisfy the above system of linear equations. 

(6) mZ2n 

The number of equations being equal to or greater than the number of un- 
knowns, the necessary and sufficient condition Jor the existence of solutions is 
the vanishing of all the n-rowed determinants in the matrix of the coefficients 
of the equations. 

The proof of this theorem is precisely like that of the preceding one. 

We come now to the question of actually finding the solutions in the cases 
in which they exist, and we will begin with the case in which we have fewer 
equations than unknowns (i < 7”) and in which the equations are linearly in- 
dependent. There will then be at least one m-rowed determinant in the matrix 
of coefficients which does not vanish, and we will assume for the sake of clear- 
ness that this is the determinant consisting of the first m-columns of the matrix. 
Let us now write the equations in the form: 


ay, 7 Se 2 Aintm = — Qm+ 1%m+1— °° °° —~ UnXps 
gy Ty tess + + Aggy ty, = — Clam41%m41— °° * + — Anns 
Omi" terse + Any Ty, = — COnm+1%m+1 = so + © es ee 


Assigning to #415 2m. + + + %, any values whatever, we can compute 
from these equations the values of «7, 7, ... 2,3 for we have then m non- 
homogenous equations in m unknowns in which the determinant of the coeffi- 
cients of the unknowns does not vanish. We thus get the theorem : 

Tf m <n and the equations are linearly independent, ton — in of the un- 
knowns may be assigned arbitrary values and the others will then be completely 
determined, 

It should be noticed that this theorem does not say that any n — m of the 
unknowns can be chosen at pleasure, but merely that a certain set of n — m 
unknowns can be so chosen,—in fact it is obvious that any set of n — m unknowns 
may be so chosen which is such that the determinant formed from the coefi- 
cients of the remaining m unknowns is not zero. 
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In all the other cases in which the equations have solutions the equations 
are linearly dependent, and, even if there are more equations than there are 
unknowns, all the n-rowed determinants of the matrix of the coefficients van- 
ish. We will now assume that there is at least one 4-rowed determinant 
(which for the sake of clearness we assume as lving in the upper left hand 
corner of the matrix) which does not vanish, but that all determinants of the 
matrix of higher order vanish. Denoting then by J, fa) - ++ Jim the linear 
polynomials which stand on the left hand side of the equations, we see that 
t the & + 1 functions: 
































.* Sas ® e Des Sis 


(where /is any one of the integers / + 1, 4 + 2... . m) are linearly depend- 
ent: 
oh + yfgtrceet Cry + eS; = (), 


ee 


The constant ¢, here is not zero as otherwise 7), fa, . . . 4 would be linearly 
dependent. We may therefore, by dividing through by ¢,, express f, linearly 
in terms of fi, fa, .... J. Accordingly any set of 2's which satisfy the first 
i: equations also satisfy the remaining equations. The first 4 equations how- 
ever form a system of the sort already discussed, and we get the following 
+ theorem which we state in such a form as to include the last theorem stated as 
- a special case : 

Tf the system of equations admits a solution, and if in the matrix of the 
coefficients at least one k-rowed determinant does not vanish while all determi- 
ft nants of higher order (if there are any) are zero, then n —k of the x's can he 
chosen at pleasure and the others are then completely determined, 

ITere again any xn —k z’s can be chosen at pleasure which have the property 
that if their coefficients are struck out of the matrix at least one of the /-rowed 
determinants of the remaining matrix does not vanish. 

The only case which is not covered by this theorem is that in which all 
the coefficients of all the equations are zero, in which case a7] the z’s can of 
course be chosen at pleasure. 

A In the special case in which m = 1 — 1 and the equations are linearly in- 
if dependent we readily get the following theorem : 

The solutions of n — 1 linearly independent homogeneous linear equations 
inn unknowns are proportional to the (n — 1)-rowed determinants of the ma- 
trix of the coefficients obtained by striking out first the first column, then the 
second, etc., and taken alternately with the plus and minus sign. 
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We have here considered only homogeneous equations. Many facts con- 
cerning non-homogenecous linear equations can be deduced at once from the 
theorems here given by letting x, = 1. For a complete treatment of the 
theory of non-homogeneous linear equations we refer to E. Pascal’s admirable 
little book on determinants §56 (Hoepli, Milan ; also a German translation by 
Leitzmann, Teubner, Leipzig). 

4. The Condition for Linear Dependence of Functions of One 
Variable. Let us consider the x functions 


Si(%)> Je(@%)s - - - - f,(2)- 


We suppose these functions to be detined either throughout a certain re- 
gion of the complex x-plane, or throughout a certain interval of the real x-axis. 
In the first case we assume that the functions are analytic throughout the region 
in question, and therefore have derivatives of all orders at every point of the 
region; in the second case we assume that, at every point of the interval, each 
of the functions has a finite derivative of each of the first n — 1 orders. 

If the functions are linearly dependent we have not merely the relation, 
where the c’s are constants not all zero: 


oh + Cs fo see eo > Ca Je = 0, 


but also by differentiation : 


a . 5 j . ad _ 
ati + CI 5 Crt n = 0, 
" ”" ce "yr fae 
Oli ahi Of So CaJ 4 0, 
c ty Ni ¢ ¢ Me aoe +¢  / i = () 
1/1 I 2/ 2 oo n/n — *"e 


These relations may be regarded, for each particular value of «, as a system 
of x homogeneous linear equations satistied by the x c's. Accordingly the 
determinant of the coefficients of the c’s must be zero; and since this is true 
for all the values of « with which we have to deal, we have the identity : 


2 eer: 
ti ts ee Se 


| FOMPE*. 2. re 


This determinant is known as the Wronshkian of the » functions J), fa. - 
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We see therefore that the identical vanishing of the Wronskian is a neces- 






sary condition for linear dependence. 
We will now consider under what circumstances it is also a sufficient con- 
dition. We begin with the case of two functions f;, 4 whose Wronskian van- 








ishes identically : 











fii -hfi = 0. 





' We will suppose at first that one of these functions, say f,, does not vanish at any 
point of the region or interval in question. Then we can divide the above 
identity by fj, after which it can be written : 


ad (*) = 
dy SI vessel 


chi. 








Therefore : h 
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ES reir ae ee 










In the case of two functions, the identical vanishing of the Wronskian is 


a sufficient condition for linear dependence provided one of the tiro functions 






does not vanish at any point of the region in question, 






Bi This last restriction can be at once removed in the case that 7, and fy are 
f analytic functions of a complex variable. For iff, vanishes in the region in 

question, it either vanishes identically there, in which case the functions are 
necessarily linearly dependent, or it vanishes only at isolated points. In this 
latter case let us consider the region obtained from the original region, by 
omitting all the points at which f, vanishes. Throughout this new region we 
have, as has just been proved : 












fp=ehy 


This relation holds throughout the neighborhood of each of the excluded 
points and therefore, on account of the continuity of f, and f, at these points, 
too; therefore : 

The identical vanishing of the Wronskian of tro analytic functions is a 
sufficient condition for linear dependence. 

This is not true if we have to deal with non-analytic functions of a real 
variable, as the example 


far 
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shows.* We will return to this case later, but proceed first to the general 
theorem concerning analytic functions : 

The identical vanishing of the Wronskian of n analytic functions is a 
necessary and sufficient condition for their linear dependence. 

We are concerned here merely with the proof that it is a sufficient condi- 
tion. Let us assume that the theorem has been proved for the case of n — 1 
functions. If from this assumption we can deduce its proof in the case of n 
functions we shall have proved the theorem by the method of mathematical in- 
duction, since we know that it holds for two functions. 

We start from the assumption that the Wronskian W of the n functions is 
identically zero. Let us denote the first minors of W which correspond to the 
elements of the last row by W,, Wy, .... W,,. Itshould be noticed that W; is 
the Wronskian of the n— 1 functions obtained by omitting f;. If then W; = 0 
these x — 1 functions are linearly dependent, and therefore (by theorem II, 
§ 1) the x functions are linearly dependent. 

Let us then assume that none of the minors W; is identically zero. Now 
we have, by elementary theorems concerning determinants, the following 
identities : 

Wh + Wh +::-+Wi =9, 
Wl +Wiofl +--+ Wi =, 


Wit + Wify ~ eee a W,f°-? = 0. 
Differentiating each of the first n—1 of these identities and subtracting 


the next following one we get the following new set of identities : 


Wi, + WY, +--+ Wi, =0, 
Wifi +Wifi +---+Wyl =0, 


Wy + Wifp4+---4 Wiss =0. 








* |x| means the absolute or numerical value of x. This example is due to Peano, Mathe- 
sis vol. 9, p. 110 (1889). Even if we require the existence (and therefore continuity) of deriv- 
atives of all orders at every point of the interval the theorem does not hold. Cf. Bull. Amer. 
Math. Soc., ser. 2, vol. 7, p. 120. 
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Let us multiply the ‘th of these identities (¢= 1, 2,... "— 1) by idee 
first minor of W), corresponding tof, i-1! and add the identities thus obtained 
together. We get: 


Wy WwW, — WW = 0. 


Now, the /’s being analytic, the W's will be analytic, and therefore we 
‘an infer from this last written identity that Wy and W’, are linearly depend- 


ent. In precisely the same way we sce that any two of the functions W; 


(¢= 1, 2,.. 7) are linearly dependent. Since by hypothesis none of these 
functions are identically zero we may write : 


We=e¢,W, (¢= 1 Pa oan SOR 
The identity 
Wiht+ Weht---+ WK =0 
‘an therefore be written: 


Wi, (Ni ov hy By ere Coat ont +f) = 0). 


Since W), is not identically zero it can vanish only at isolated points. At 
all other points the other factor must vanish, and therefore, owing to the con- 
tinuity of the /’s, it must vanish at these points, too: 


fit fet---++ Csfeat. 
The linear dependence of the f’s is thus established and our theorem is proved. 


Turning now to the case of non-analytic functions of a real variable we 
will first prove the following preliminary theorem for the case of two fune- 
tions : 

The identical van ishing of the Wronskian of tro functions of a veal vari- 
able, each of which has a finite first derivative at every point of a certain in- 
ferral, isa sufficient condition for linear dependence, provided that one of the 
Junctions and its first derivative do not vanish together at any point of the 
tnterval in question. 

The interval with which we have here to deal may be infinite in one or 
both directions, and if limited the limiting point or points may or may not be- 
long to the interval. Our theorem however will obviously be established if 
we can prove it for every finite subinterval each of whose extremities is in- 
cluded in the subinterval. Let ab be such a subinterval, and suppose that 
J, and f; do not vanish together at any point of ab. 
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There cannot be more than a finite number of points in the interval ab 
where f, vanishes, for if there were they would have at least one limiting point 
v' in this interval. At the point #7), being continuous (since it has a deriv- 
ative), would vanish, and /j(x') = lim f(a’ + Ax)/Ax would also vanish. 
This however is contrary to hypothesis. 

The interval aé consists therefore of a finite number of pieces within each 
of which /; does not vanish. Within each of these pieces we therefore have a 
relation of the form : 

= eh 
and owing to the continuity of 7, and fQ this relation must also hold at the 
extremities of the piece in question. It remains therefore merely to prove that 
the constant ¢ is the same for the different pieces; and this will be proved if 
we can show that it is the same for any two adjacent pieces. 

Suppose then that 7) is any point where 7, = 0, and that in the piece to 
the right of ry 

=a hp 
in the piece to the left 
Jr = 


Since f, and 7, each has a derivative at 29, these derivatives can be found 
either by differentiating to the mght or to the left. We thus get: 


fi ( Xo) _— OSFi(%)> 
T2(%) = fi()> 


and by subtraction : 
(C) — 2) Si (%) = 0. 


But since f, vanishes at «9, /] cannot vanish there, therefore : ¢, = ¢c, and 
our theorem is proved. 

The general theorem, of which the one just proved is a special case, is the 
following : 

The identical vanishing of the Wronskian of n functions of a real varia- 
ble, each of which has at every point of a certain interval finite derivatives of 
the first n — 1 orders, is a sufficient condition for linear dependence, provided 
that n — 1 of the functions can be so selected that their Wronskian and its first 
derivative do not vanish together at any point of the interval.* 





*A theorem different from this is proved by Peano: Rend. d. Accad. d. Lincei, ser. 5, vol. 6, 
1° sem., p. 413. 
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As the proof of this theorem is almost identical with the proof given above 
in the case of analytic functions we will not give it here in detail. It will be 
convenient in adapting the above proof to the present case to assume that the 
Wronskian which does not vanish together with its first derivative is the one 
which is there denoted by W,. Since this function cannot vanish identically 
the step in the above proof involving mathematical induction will not here 
come in. On the other hand the assumption which we made before that the 
other Wronskians W; do not vanish identically, and which we do not now 
make, was not in any way made use of in the course of the proof, 

5. Applications. We will indicate, in the present paragraph, a num- 
ber of applications of the subject of linear dependence to various questions, 
leaving the reader to work out proofs for himself. 

(1). Ina system of m homogeneous linear equations, between n un- 
knowns, one at least of the 4-rowed determinants of the matrix of the coeffi- 
cients does not vanish, while all (4 + 1)-rowed determinants (if any) are 
zero. Prove that the equations have « — é linearly independent solutions, 
upon which every other solution is linearly dependent. 

(2). Derinition: If we have a family of functions, of any number of 
variables, which can be expressed in the form: 


hy Ny t+ hy fot + ot hata 


the constants / being allowed to take on all values, the family is called a /inear 


Jomily and the functions fi. fi, . . .f,, if they are linearly independent, are 


ralled a basis of the family. 

Prove that if a linear family has a basis consisting of » functions : 

(a) any set of » + 1 functions of the family are linearly dependent. 

(4) no set of less than n functions can form a basis. 

(c) every set of n linearly independent functions of the family forms a 
basis. 

Obtain the most general basis from the given one. 

(3) Derinition: A spherical harmonic is a homogeneous polynomial 
in the three independent variables x, y, z which satisfies Laplace’s equation : 


ev eV 


— + oe 
Cx cy 


Prove that the spherical harmonics of degree n form a linear family with 
a basis consisting of 27 + 1 functions. 
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(4). The fundamental existence theorem for linear differential equations, 
when the independent variable is supposed real, is: 

If throughout a certain interval p,, p.,. . . . p, are continuous functions 
of the real variable x, the equation 


dvy dmy dry 
lyn + Pi dant + P27 tess -et+p,y=O0 


has a solution which has finite derivatives of the first 7” orders at every point 
of the interval in question, and which, at an arbitrarily chosen point of this 
interval has together with its derivatives of the first 2— 1 orders arbitrarily 
chosen values. 

Assuming the truth of this theorem prove : 

(a) The Wronskian of any n solutions of the equation has the value: 


( ‘eo Spaz 


where C is 2 constant. 

(4) The solutions of the equation form a linear family with a basis of 
n functions. 

(c) The necessary and sufficient condition for the linear dependence of 
n solutions of the equation ix the identical vanishing of the Wronskian ; or, if 
one prefers, the vanishing of the Wronskian at some point of the interval. 

(7) A solution of the equation which together with its first » — 1 deriv- 
atives has at a point of the interval the value zero vanishes identically. 

(5) Derrinition: the ww sets of 2 integers each 


te", a", nomen Me tc ow 8, Bs « i) 


are linearly dependent (mod p) if m integers ¢, ¢, . . . . C_ not all congru- 
ent to zero (mod p) exist such that : 
Cyt + ga tee te, a? = 0. (mod p). 
Assuming the modulus p to be prime, prove the following theorem : 
The above sets of integers are always linearly dependent (mod p) ifm > u. 
If m Sn the necessary and sufficient condition for linear dependence (mod p) 
is that all #-rowed determinants in the matrix of the sets of integers be con- 


gruent to zero (mod p). 
By means of this theorem discuss the theory of simultaneous homogeneous 
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linear congruences according to a prime modulus. (The general theory of 
simultaneous linear congruences has been discussed by Henry Smith in two 
papers Phil. Trans., vol. 151, p. 293 (1861) and Proc. London Math. Soe... 
vol. 4, p. 236 (1873); reprinted in the collected works, vol. 1, p. 367 and 
vol, 2, p. 67). 


GOTTINGEN, GERMANY, NOVEMBER, 1900, 











BRILLIANT POINTS OF A FAMILY OF CONCENTRIC SPHERES. 


By Aston Hamiiton. 


A brilliant point on the surface of a sphere is a point at which a ray of 
light, emanating from a fixed source, will be reflected to meet the eye of an 
observer. The problem is to construct the locus of such points for a family 
of concentric spheres. 

Assume a point, O, in space as the centre of the spheres. Assume arbitra- 
rily the points # and J), also in space, either of which may be the source of 
light and the other the point of vision. Through O, #,and D pass a plane. 
This plane will contain the brilliant point of every sphere for the given points 
Dand E£. 

Assume ON and OY at right angles to each other. Use these as axes 
of Xand Y respectively. Let the 
coordinates of FE be (a, 4) and Y 


those of D, (ce, d). Assume a i, (a,.WC 
circle whose radius is + and cen- a ™ 
tre, O. The equation of this cirele > = 
isa?+ y2= 7%. This circle is the - 








one cut from one of the spheres 7 
by the VY plane. Select a point 

A on the circumference of this 

circle and draw AD and ABE. 

Draw the normal and the tangent 

at u1. Let the coordinates of A 

be (’, y'). Now, in order that 

A shall be the brilliant point for this sphere ZAC must be equal to CAD: 
expressing this relation analytically we are led to the equation : 





Fig. 1. 


(b+ d) (a3 4 ry) — (a4) (P+ ya?) + 2(ae—bd)ry + (ad + be) (PP —2*) =0 
(1) 
where x’ and y’ have been replaced by x and y. 

This is the equation satistied by the coordinates of the brilliant points and 
also by the coordinates of the so-called “ virtual brilliant points.” 1 isa vértual 
brilliant point if the tangent at .1 to the sphere bisects the angle LAD. 
(97) 
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98 HAMILTON. 


The equation is perfectly general, but unsatisfactory for tracing the curve. 
The following method has been employed to simplify the process while de- 
tracting nothing from its applicability to any case. 

Let the coordinate axes be turned through an angle @ such that in the new 
system the coefficient of (v7 — x?) will disappear. ais given by the equation 


ad + be 


tan 2a = — 2 
; ac —hd (+) 
The angle 2a is thus seen to be equal to the sum of the angles that the right 
lines drawn through the origin to the points // and # make with the axis of 


X. Equation (1) becomes 
B+ ry — M(a?y + fF) + Gry =. (3) 


Let (A, B) and (C, D) respectively be the coordinates of # and J referred 
to the new axes. Then 











.lL=acosa+Ahsina, C=ccosa+d sina, 

Lb =hvosa—a sina, D=d cos a—c sina, (4) 
V— l + € Y= 2(AC — BD) 
. B+D’ B+D ; 


Now transform the equation (3) to polar coordinates having the new axis 
of V (or X’) as initial line. The equation then becomes 


_  @sin@ , 
je 7 Se () 


To trace the curve by means of (5) it is necessary to consider only val- 
ues of 6 between 0 and 7, since an addition of 7 to 6 changes the sign of r and 
hence gives no new point of the curve. From (5) 


dy ((M sin 6 — cos 6— M sin 6 sec? 6) 
ee) | : (6) 
Place « = l/r; then 
du _ M sin 6 cos 6 
dg QV Cos? 67 () sin? 0 
an 
Pu 2M 2 
(+ = - 
(16? ( cos® @ A sin® @ 


’ 











BRILLIANT POINTS OF A FAMILY OF CONCENTRIC SPHERES. 


For a maximum radius vector 
dr 
de 


For the asymptotes place 


=; whence, from (6), tan @ => I , —-Y 


7M ° . ae Mis? * (8) 


sin 0 
c=r= mS ; Whence tan @= YW (‘)) 
But 
de — (sin 0 — MY 


“dr ~ M tan? 0+ cot 0 (M?41)3?° 


which is finite and represents the distance of the origin from the asymptote. 
Hence there is always an asymptote. To draw it, drawa line through the 
origin making an angle with the initial line tan—!1/M, and draw another line 
through the origin at right angles to this. On this second line, lay off the 
distance 7*d0/dr to the right (looking from the origin in the direction of the 
line first drawn) if *d@/dr is positive, or to the left if r°d0/dr is negative. 
Through the extremity of this line, draw a line parallel to the line first drawn. 
It will be an asymptote. 
For a point of inflexion, 
Pu 


Stags 


Vv 


I 
tan 6 = —., fic ——-- . 
Vu (Mi—1)yMi+ 1 


When ¢ is the angle made by the tangent at the point of inflection with the 


and from (7), 


radius vector 


“«lé | 
tan @ =. = — .(Mi— M4). 
dr ? 
For a multiple point, 
tet Det Dae 
¥ ox Cy 


where f(2, y)represents the first member of equation (3). These equations 
are satisfied only at the origin, and the two tangents at this point are evidently 


, i T 
« = 0, y = 0 corresponding to the values 6 = Oand 5. 


Example. Let D be (— 6, 2) and E be (4, 7) referred to the first 
system of coordinates. Then 2a = tan—'{j, A = 5.1, B= — 6,25, C= 4, 
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75.6 sin @ 


D= 4.9, WV= — 6.75, Y= — 00.6. From (9), “= 6.75 tan 0+. 1 For a 
Inaximum radius vector tan @= .53, r= 7.7. For the asymptote, tan @ = — .15, 
2 dO/dr = 1.61. For the point of inflexion tan @ = — .426, r = 13.8, 


tan gd = .60) 

nt above points having been determined, the following geometric method 
will save labor in determining other points. From each of the points ) and 
E draw two tangents to the circle BAC arbitrarily assumed with centre at O, 
but not including YD or EF. These tangents will be FR, EB, DT, DA and 
will intersect in four points F’, G, //, A. The four points thus found will be 


, real or virtual brilliant points, as is at 


rite, | once evident from a glance at the figure 
\ a wR (Fig. 2). By varying the circle BAC 

GZ H it 
ig | 4 T > "> \ any number of such points may be 
Te ss found. Draw FO and DO and prolong 
- a \ , r U 
nai T faa \ them. The angles KOW and DOS 
- ~~ * include all rértual brilliant points and 
\n F tia the angles FOD and WO/S include all 

-_, Pr 4% a 
\ real brilliant points. 


\ . 
: Ss Figure 3 shows the description by 


curve-tracing methods of the example 
wl kK \ given. It is to be noticed that the 
asymptote is parallel to the tangents 
drawn from the eye and light respec- 
tively to the circle for which the tangents will be parallel to each other. The 
direction of the asymptote may thus be checked graphically. The above is 


FIG. 2. 


readily seen from the description of the curve by points by the graphical 
method, 

Figure + shows the description of the same curve by the graphical method. 
In both figures the part of the curve containing virtual brilliant points is 
dotted. A combination of the two methods, using the graphical method for 
intermediate points gives more satisfactory results than cither alone.* 

* Extract from Lieutenant Hamilton's letter to the Editor: ‘: The problem as discussed 
would seem to indicate that use may be made of its law, analytically expressed, in constructing 
range-finders. Since solving it I have, indeed, planned from it several varieties of range- 
finder ; but with a small instrament the base is too small to give very accurate results, and diffi- 


culties in the way of sufficiently accurate construction abound to such an extent as to disappoint 
ine with the result.” 
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MULTIPLY PERFECT NUMBERS. 





By Derrick N. LEHMER. 


1. By a perfect number is meant a number which is equal to the sum of 
those of its divisors which are less than the number. Thus 6 = 1 + 2 + 3 is 
a perfect number. 

We shall define a multiply perfect number as one which is an exact divisor 
of the sum of all its divisors ; the quotient being the mu/tiplicity. Thus or- 
dinary perfect numbers like 6 or 28 have the multiplicity 2. 

The existence of multiply perfect numbers of higher multiplicity than 2 
is shown by the following list. 

NUMBER. MULTIPLICITY. 
23.3.5 3 
25.3.7 

-3-11-51 
-- 112-438-127 

-19-31-151 

-7-13 

- 7.13.19 

5-7 
- 33.5% .17-31 
-3-5-7-19-37- 75 
-7?.13- 199. 37-73. 127, 
-11-13-31, 
3.5-7-19-31-151, 
7-11%-17-19, 
- 77-13-19. 23-89, 
57. 77-138-19- 351, 
~52.7-19. 232. 31.79. 89.137 - 547-683-1093, 
~ 5. 7.13%. 19-31-61-127-337, 
8. 72.11-13-19.23-. 31-41 -137- 547-1093, 
5. 72-11-13-17-199- 31-43 -53- 127-379-601. 757-1801, 6 
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numbers in the above list were all obtained by purely tentative 
(103) 
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104 MULTIPLY PERFECT NUMBERS. 


methods. No formula for multiply perfect numbers has been obtained except 
the well-known one for those of multiplicity 2 (ordinary perfect numbers), 
namely, 2'-! (2'— 1), where 2‘— 1 is prime.* 


Tr 
2. If «= Tl p® is a perfect number of multiplicity 2, then we have 
f=} 


rai : r piri 1 
lie Ss ee eS. 
bx 2 plist = pi-l 
or 
‘ l 
oa 
2a = I] : ude 9 
i=l yi ] 
so that 
ee a . (1) 
i=1 Pi — ] 


Sylvestert has derived this formula for the case n = 2. It is of funda- 
mental importance in his proof of the non-existence of odd perfect numbers 
containing only three distinct prime divisors. 

3. The object of the present note is a generalization of Sylvester's re- 
sults for the case of multiply perfect numbers. 

Multiply perfect numbers of multiplicity 3, containing leas than three dis- 
tinct primes, do not exist. For, from (1) it follows that 3 < Tt a , and 

‘= 
the greatest value which this product can have when there are only two ele- 
ments is ? - 3, which is not greater than 3. 

Similarly : Multiply perfect numbers of multiplicity 4 must contain at least 
4 distinct prime divisors; those of multiplicity 5, at least 6 distinct prime 
divisors; those of multiplicity 6, at least 9 distinct prime divisors; those of 
multiplicity 7, at least 14 distinct prime divisors; ete. 


BERKELEY, CAL., JANUARY, 1900. 





*Given by Euclid and shown by Euler to include all even perfect numbers. Cf. Encyclo- 
padie der mathematischen Wissenschaften, vol, 1, art. C 1, Bachmann. 
+ Comptes Rendus, vol. 106 (1888), pp. 403, 446, 522, 641. 
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